Jlncrok Ne10 OcHoBHasi Teopema apudpmeTrk. ApumMeTnka OCTaTKOB. 03.2015

Onpenenenue 1. Ilesoe gucao p > 1 HA3BIBAETCS NPOCMbILM, €CJIA OHO HE UMEET JPYTUX IOJOXKUTETbHBIX JIe/TH-
Teseit, Kpome 1 u ceds. ['oBopsar, uTo mesnoe uucio n > 1 — cocmasHoe, €cam OHO HE SABJISIETCI ITPOCTHIM.

33.,[[3“13 1. HYCTI) N — IIPOU3BOJILHOE IEJI0C YUCJIO. ,Z[OK&)KI/ITG, 9YTO HaMMEHBIINNA HaTypaHbeIfI JAeJIMTeJIb 9Y1cC-
Ja n, OTJINYHBIA OT C€IMHUIDBI, ABJIACTCA IIPOCTBIM YKUCJIOM.

3amada 2°. /lokaxkuTe, 9TO €CU 1ejI0oe YUCI0 p > 1 He JIeJIMTCd HU Ha OJHO U3 MPOCTBIX YHUCE, KBAIPAThI
KOTOPBIX HE MPEBOCXOAT P, TO YUCJIO P ITPOCTOE.

3amaga 3. /lokakurte, 9TO CyIIECTBYET OCCKOHEYHO MHOT'O a)° MPOCTBIX YUCET;
6) mpocreix uncen suga (4k — 1), ve k € N; B) ITIPOCTBIX YUCEJ, HE OKAHIMBAIOIINXCS Ha 1.

3ama4ga 4°. [lokaxkure, 9TO ecqm @ W b — IeJIble YUCIa, a p — TaKoe IIPOCTOe YUCI0, UYTO ab JeauTcs Ha p, TO
Jbo a JeauTcd Ha p, b0 b neauTcd Ha p.

3amaua 5°. (OcrosHas meopema apugmemuru)

a) lokaxure, 910 J1I060€ TIETI0€ TUCII0, OOIbIIeE MHAIBI, MOKHO PA3JI0KUTh B IIPOU3BEIEHNE TPOCTHIX THCEII.
6) lokaxure, 9T0 JH060€ IIEJI0€ TUCIIO 7, BOJIbIIEE €MHUIIBI [0 MOJLY/TIO, OTHO3HAYHO MPEJICTABIISIETCS B BUJIE
n=4plt -py? ... peF, ome p1 < pa < ... < pp — PA3IHTIHBIE IIPOCTHIE TUCIA, & O, O, . .., 0 € N

3ameuanue 1. Paszyoxkenne n3 3aa4u 50 HA3BIBAETCA KAHOHUYECKUM.

Bamaga 6. a) Ha ckosbko Hysieit okarauBaercs quciao 201517
6)° (Teopema Jleowcandpa) JlokaxkuTe, 9TO MPOCTOE UUCJIO P BXOJAUT B KAHOHUYECKOE pa3JiOXkKeHHe ducya n!
B crenenu [n/p] + [n/p*] + [n/p?] + ... (3mech [x] — 310 NENAg YacTh UncHA T).

Banaua 7. Haiiure kanonnueckoe pasmoxkenne: a) 7895250; 6) 9919; B) 12345654321; r) 18!; x) Ci.

3ama4da 8. Ilycts p — npocroe uncio, m,n € N. a) Jlokaxure, 910 C’;f :p npu Beex 0 < k < p.
0)* B kakux crpokax Tpeyrosbhuka [lackass Bce uuciia, Kpome eIuHUI], OYIyT KPATHBL p?
B)* JlokakuTe, 4TO IIPOCTOE YHCJIO P BXOJUT B KAHOHMYECKOe pazioxenne uuciaa CF,
KOJIMYECTBY MEPEHOCOB IIPH CJIOYKEHUHW M C 1 B CUCTEME CUUCJIEHUs] ¢ OCHOBAHHEM .

r)* Haiigure nanbospimmit obmmit gemmrens (CL C2 ... Cn—1).

B CTEIeHU, PaBHON

3amaua 9. HazoséM 4éTHOE HATYpAIBHOE YHCJIO N YETHOIPOCTHIM, €CJIN N He PACKJIAJIbIBAETCS B IIPOU3BE/ICHIE
JBYX 4€THBIX uncesi. Hampumep, 6 — yérnomnpocroe, a 12 — mer. Kakue myHKTBI 3a71a4 4 U 5 OCTAHYTCSA CIIPa-
BE/IJIUBLIMU, €CJTH B UX (POPMYTUPOBKE 3aMEHUTD TeJIbIE YUCIa Ha I6THBIE, & MPOCThIC HA YETHOIPOCTHIE!

Onpenenenue 2. Haumenvuwum obuyum Kpamuvim HEHYIEBBIX IEJbIX YUCET ¢ 1 b Ha3bIBaeTCsl HAMMEHbIIee Ha-
TypaJsIbHOE {HCJI0, KOTOPOE JIEJINTCA Kak Ha a, Tak u Ha b. Obosnadenne: HOK(a, b) nm [a, b].

3amaga 10°. Ilycts a u b — HenyseBble nesble uncia. a) Jlokaxkure, 910 [a,b] CyImecTByeT u eIMHCTBEHHO.
6) Kaxk maiitu (a,b) u [a, b], 3Has kanonudeckue pazoxenus qnucer a u b? B) Joxaxwure, 1ro [a, b]-(a,b) = ab.
r) Bepno jm, aro so6oe obiiee KparHoe dnces a u b genurcs Ha [a, b]?

1) Haiiaure a u b, ecm (a,b) = 15 u [a, b] = 840.

3amada 11. Ilycts n = pi* - p3? - ... - pg*.  a) Haiiaure KOIM9IecTBO HATYPAIBHBIX JCIUTENICH THCIA M.
pa1+1 - 1 pa2+1 o 1 pak+1 o 1
6)* JlokazKuTe, 4TO CyMMa HATYPAJIbHbIX Je/IUTeeil Yicaa n paBHa — T 2 T k—l
b1 — P2 — Pr —

B)* BoiBesure hopMyty JUist CyMMBI KBaJPATOB JieJuTe el ducia n.

Bagaua 12*. Yucso, paBHOE CyMMe BCEX CBOMX HATYPAJIBHBIX JeJUTeNell 3a NCKIIOYCHIEM caMoro cebs, Ha3bl-
BaeTca cosepuwennbim. JlokaxuTe, uTo e yucia p u (2P — 1) — npoctble, To uucio 2P~1- (2P — 1) cosepiieHHo.

Bamaga 13*. Ilycrs a,n € N, n > 1. JTokaxwure, uto ecau (a” — 1) — mpocToe 9ucio, T0 ¢ = 2 U n — IPOCTOe.
3ameqanmne 2. IIpocroie uncia Buga (2" — 1) HasbBatorces wucaamu Mepcerna.

Bamaua 14*. a) Jlokaxwure, uro eciu uucyo (2" + 1) — npocroe, 1o n = 2k,
k
6) dokaxkure, uTo uncia Bujaa (22 + 1) gBIgI0TCS B3aMMHO IPOCTBIMU [P PA3IMIHBIX K.
k
Bameuanme 3. IIpocteie uncia uga (22 + 1) naswiBarorcsa wucaamu Depma.
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Onpeznenenne 3. Muorowten p € R[x] HasbiBaeTcst Henpusodumvim, eCciin U3 paBeHCTBA p = fg ciemyer, 9To
mmbo deg(f) = 0, mmbo deg(g) = 0.

3amaga 15°. a) Jlokaxkute, uro eciim f u g — MPOU3BOJIBLHBIE MHOTOWIEHBI, & P — TaKOH HEMPUBOIAUMBIH MHO-
rowieH, 9to fg:p, To ubo f:p, mbo g: p.
6) CdopmymupyiiTe u jjoKaxKUTe OCHOBHYIO T€OPeMY apuMMETHKH JIjisi MHOTOYJIEHOB.

Bagaqa 16°. [Iycts f(1) = a,2"+a, 12" '+. . .4+a;1+ay — MHOrOUIeH ¢ nesibiMu Koadduimentamu. JJokazkure,
9TO €CJIM PAIMOHAJIbHOE YUCIo T = p/q, rae (p,q) = 1, aBigerca KOpHeM MHOTOWIEHA f, TO dg'p, & ay, : q.

Banaua 17. Haiisnre KaHOHIIECKOE PA3JIOKEHNE: a) z* — 32% + 2u; 6) 2% —1;
B)* 2!+ 229 + 328 + 42" + 520 + 62° + 52t 4 4a® + 3% + 220 + 1.

Onpezgenenne 4. [lycts m — HaTypasbHOe [ncio, 6osbiiee eqununbl. O6osHatwmM depe3 Z/m7Z, MHOXKECTBO
OCTATKOB TIPHU JIeJIEHUN Ha MM, a 9epe3 7T — OCTATOK OT JeJeHusl Ha m 1esoro ducia n. Oupegenum B Z/mZ
olepaIii CyMMBbI W ITPOU3BEICHUS COIVIACHO CJIeIYIONuM dopmynam: a +b=a+bua-b=a-b.

Bamaua 18. a) JlokazkuTe, 9TO @ = b TOT/Ia U TOJIBKO TOT/Ia, Koraa a = b (mod m).
6) CocraBbre TaOJIUIBI CIOKEHUSA U yMHOXKenus B Z /57, Z/8Z w 7/ 10Z.

3amaga 19°. Ilycrs p — mpocroe uucio, a € Z/pZ, npuaém a # 0. okaxkure, 910:
a) CyIecTByeT eMHCTBEHHOE IHUCII0 x € 7 /pZ takoe, uto ax = 1 (mod p);

6) s soboro b € Z/pZ cpashenne ax = b (mod p) umeer poBHO OJHO perenne B Z/pZ;
B) uucia a, 2a, 3a,. .., (p — 1)a UMeOT MonapHo pas3jndHble OCTATKHU IPU JeJeHUH HA P;
r) OCTATOK OT JieJIeHus duciaa a - 2a - 3a - ... (p — 1)a Ha p HE 3aBUCHUT OT @;

n) (Manas meopema @epma) aP~' =1 (mod p).
e)* Ckosbko pemennii B Z/mZ nmeet cpaBHenne ax = b (mod m) i MpOU3BOJILHOIO HATYPAJBLHOTO M > 17

3ameuanme 4. Pemenne cpashenusi ar = 1 (mod p) u3 3amaum 19a HasbIBAETCA 00PAMHLIM STEMEHTOM K Q.

O6o3nauenue: r = a~ L.

3amaga 20. Ilycrs p — mpocroe uucio, a,b € Z/pZ.
a) [okaxwure, ato (a + b)P = a? + b (mod p). 6) Boiepure u3 myHkra a), uro a’ = a (mod p).

Bamaga 21*. Ilycrb p(n) — KOIMYIECTBO HATYPAJBHBIX YHCEJ HE MPEBOCXOMSAIINX 1 ¥ B3AUMHO HPOCTHIX C HUM.
a) Haiture ¢(p¥), ecoin p — npocroe uucio, k € N, 6) Bepno s, uro eciu (a,b) = 1, To p(ab) = p(a)p(b)?
B) Ilycte n=pi* - p3? - ... pp*. Beisegure dbopmyny mis ¢(n).

r) (Teopema Diinepa) Jdoxaxure, uto ecm (a,n) = 1, To a?™ =1 (mod n).

Bameuanue 5. Oyukuus ¢(n) Ha3bIBaETC PyHKyUs Jlaepa.

Bamaga 22*. Ilycrs p — mpocroe 4mcsio, npudaém p > 2.

a) Jlokaxwure, uto z = ! (mod p) Torma u Toabko Torua, Korma r = +1 (mod p).

6) (Teopema Buavcona) Hokaxwure, aro (p — 1)l = —1 (mod p).

B) Yemy pasno (n — 1)! B Z/nZ, eciiu n — cocTaBHOE THCIIO?!

r) Boranciure (p — 2)! B Z/pZ. 1) Beraucimre ((22)!)? B Z/pZ.

3amaga 23*. a) Ilycrs p — mpocroe uncso Buga (4k+ 1), rue k € N. Jlokaxkure, 9TO B 9TOM CJIydae CpaBHEHUE
2= —1 (mod p) umeeT POBHO 2 pelIeHUsL.

6) Ilycrb p — npocroe uucio puja (4k — 1). JToxkazkute, uto cpasuenne x2 = —1 (mod p) He umMeer perenuii.

B) Kaxkue npocrble uncia MOTYT BXOJUTH B KAHOHUYECKOE pas/oxkenue uncia suga (n? + 1), e n € N?

r) Jlokaxkure, 9T0 MPOCTHIX unces Buja (4k + 1) 6eCKOHETHO MHOIO.

1501501617 |17|17(18[18]/19(19(19]19]19(19(20]20(121|21121(21[22]22(22]22(22]/23/123(23(23
alb alo|lBllalblalb]lB]|r cllalo6llalolslrllal6lslrlallal6|B]|r

[T T TR [T TT 111 R

IIpumeuanue. OcHoBam 3;1emenTapHoit Teopun uncest mocesimensbt VI VIII u IX kauru snamenntoix « Hagams
Eskima (oK. 325 1. - ok. 265 1. j10 H.3.). B HUX n3/1aratoTcst Teopust JIEJMMOCTH U TIPOTOPITHIA, JTIOKA3bIBAETCSI
OECKOHETHOCTh MHOYKECTBA, IIPOCTBIX UUCE]I, ITPUBOIUTCS ajaropuT™ EBK/MIa, CTpOATCA IETHBIE COBEPIIEHHBIE
gucsa. B cBoux tpymax Ekim onupaercst Ha countenusi nudaropeiines (V Bek 110 H.3.), U MO-BHIAMOMY, 9TO

camasl JIpeBHds 110 cojiep:Kanuio JacTh «Hauvamy. Jlagbneiine 10CTHXKEHUS €BPONEHCKUX MaTeMAaTUKOB B 00-
JIACTU TEOPHUU 4Hcesl OTHOCATCs K mo3aueMy CpeaneBekoBbio 1 HoBomy Bpemenu, n cBs3aHbI ¢ MMeHAMN TaKUX
yuénbix, kak Mapén Mepcénun (1588-1648 rr.), [Teep @epma (1601-1665rr.) u Jleonap Ditrep (1707-1783 rr.).
Ha stoMm, Koneuno, paspuTue HayKW He OCTAHOBUJIOCH, HO U3 3TON KPATKON MCTOPUYECKON CIIPABKH BbI DOJIbIIE
HUYEro He y3HaeTe.



