TNncTok Ne7pg [ayccoBbl 4ncna 04.2015

Omupenenenne 1. IlycTh i — GOpMaILHBIT CUMBOJ, JJIs KOTOPOTO BBIIOJIHAETCA yeaosue i2 = —1 (mnumasn
eduruya). Muoxxecrso Zfi] = {a + bi | a,b € Z} ¢ ecrecTBeHHBIMI OLIEPAIUAMHE CJIOKEHUSA W YMHOXKCHHS
HA3BIBACTCHA KOALYUOM 24YCCOBHLT YUCEN.

Onpenenenne 2. Ilycrs 2z = a + bi € Z[i]. Hucso Z = a — bi € Z[i] Ha3bIBaeTCA CONPANCEHHVIM K TUCITY Z.
Yucna Re(z) =a € Z, Im(z) =b € Z u N(z) = a* + b* € NU{0} naspiBatorcs deticmseumenvhoti 9acTbio,
MHUMOT FACTBIO U HOPMOT UUC/Ia 2 COOTBETCTBEHHO.

Onpegenenne 3. Ilycrs z, w € Z[i], npuaém w # 0. [oBopsrt, uto 2 deaumcs na w, eCiu CymECTBYET TAKOe
u € Z[i], aro z = wu. B 9T0M Ccitydae TakzKe TOBOPST, 9TO YHCIO 2 KPAMHO GUCIY W; 9UCIO0 W HA3BIBALTCS
desumenem IUCIA Z, & IACTO U HA3BIBAETCA YACMHLLM OT JEJIEHUS Z Ha W.

Bamaua 1. Ilycrs 2z, w € Z[i]. Jokaxure, uro:
a) ztw=zZ+4+w, Z-w=%2-w; 6) ecimz:w,10Z:W; B) N(2)=2-Z; 1) N(z2w)= N(2)N(w).

Onpenenenne 4. Yucno z € Z[i| nassBaercst obpamumvim (WIH 2ayccogoli edunuuet), eciu CymecTByer
takoe w € Z[i], uto zw = 1. B 3T0M C/yuae w Ha3bIBACTCA 00pAMHBLM K YUCTY 2 1 0003HATaeTCs 2~ .

Bamaga 2. a) [lepeunciure Bce oO6paTuMble TayCCOBBI YUCIIA.
6) Haiiure Bce mesmrenn rayccosa dncia 6.

3agaua 3. Bysiem n306pazkaTh rayccoBbl YMC/Ia Ha KOOPAUHATHON TJIOCKOCTH TAKUM 00pa30M, 9TOOBI YUCTY
a + bi € Z[i] coorBeTCTBYET TOUKA IJIOCKOCTH € KoopauHaTamu (a, b).

a) Kakum npeobpa3oBaHUsIM IIJIOCKOCTH COOTBETCTBYIOT OTOODAXKEHUSA 2 > —Z, 2+ Z U 2z +> 1 - 27

6) Hapucyiite Ha IJIOCKOCTH BCe WHCIA, KPATHBIE TAyCCOBOMY YHCIY 2z = 1 + 2i.

B) Kak m3mennTcst kKapTuHka, ecm B IyHKTe 6 3aMeHUTDH (1 + 27) Ha IPOU3BOJILHOE TayCCOBO THCIIO?!

Bamaqa 4. (eaenue ¢ ocmamrom) Ilycrs z, w € Z[i], npuaém w # 0.
a) Jlokaxkure, 9TO CymEeCTBYIOT ¢, € Z[i] Takue, uro z =w-q+7r u N(r) < N(w).
6) CkosibKuME criocobaMu MOYKHO BBIOPATh TaKyO Mapy rayCCoOBBIX YUCes?

Bamaga 5. a) [laiire onpenenenne mis HauGosbinero obmiero peaurens (HOJL) aByx HeHyseBbIX Taycco-
BbIX 4ncesi. JIokaxkuTe, 9T0 OH OIPEJIEIEH OJIHOZHATHO ¢ TOUYHOCTHIO JI0 YMHOYKEHUS HA TayCCOBBI € TMHUIIbI.
6) [lokaxkure, uro ajropurm EBkinsga paboraer jiis rayccoBbix unces, npuBois K HOJI.

B) Haiigure HOJ(7 + 97,10 + 27).

r) Haitnnre HOJI(2,Z) s mpoussossroro 2 € Z[i.

Onpenenenue 5. Heobparumoe rayccoBo 1uucio z # 0 Ha3bIBaeTCs HENPUBOJUMDLM, €CJIA €T0 HEJIb3sI P/
CTaBUTDH B BUJIe NIPOM3BEIEHUS JIBYX HEOOPATUMBIX I'ayCCOBBIX UNCEI.

Bamaga 6. a) SBagiorcs M HENPUBOIMMBIMEU TayccoBbl uncaa (7 +14), —i, (24 3i), 5, 7i?
6) dokaxkure, uro eciam N(z) — IPOCTOE TI€JI0€ YUCIIO, TO 2 — HEIPUBOJUMOE TayCCOBO YUCJIO.

Bagaua 7. /lokaxkuTe, 9TO €cJi 2 U w — IIPOU3BOJILHBIE T'ayCCOBBI YMCJA, & U — TaKOoe HEIIPUBOIUMOE
rayccoBO YHUCJIO, 9TO ZW JIEJUTCS Ha U, TO JuOO 2 JICJINTCA Ha U, JTUOO W JIEJTUTCT HA U.

Bamaua 8. (OcrosHas meopema apudmemury das 2ayccosunx wucea.) Jlokazkure, 9TO KaxKJ0e HEHYJIEBOE
HEOOPATUMOE I'ayCCOBO YUC/I0 PACK/IAIBIBACTCS B IIPOU3BEICHIE HEIIPUBOINMBIX I'ayCCOBBLIX YHCEI, IIPUIEM
TAKOe Pas3/IoyKeHNe eJIMHCTBEHHO ¢ TOYHOCTHIO JI0 MOPSIIKA COMHOMKUTE e U YMHOKEHUST NX Ha 00paThMble
quca.

YKaBaHI/Ie. BCHOIVIHI/ITG, KaK JOKa3blBaJlaCb OCHOBHad TeOpeMa apI/I(l)MeTI/IKI/I JJId TEeJIbIX YHCeJI 1 MHOI'O-
YJICHOB.

Bamaga 9. a) Ilycrs m,n € Z, z € Z[i], upuuém z Henmpupogumo. Jlokaxkure, aro ecan m: z", to m:z".
6) Ilycrs m € Z. [Jokazkure, 9T0 MOXKHO BBIOPATH TAKOE PA3JIOKEHUe YHCIa 1M Ha HEIPUBOJIUMbIE TaYCCO-
BBl YHUCJIA, 9TO KazKJ0e Helesi0e HelIPpUBOIUMOE YHC/I0 OYIAeT BXOAUTL B 9TO PA3JIOKEHUE BMECTE CO CBOUM
CONPSZKEHHBIM, IPUYEM B TOIH K€ CTEIeHN.
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Bamaua 10. (Onucanue nenpusodumbvis 2ayccosus wucen)

IIycts 2z € Z[i], ¢ — upocroe nesoe 1auco. JJoKaxKuTe CIreLyionye yTBepK/ICHUS.

a) Ecsn z He apistercs menpupogumbiM 1 Im z = 0, To su6o umncsio Re z cocrasroe, 6o Haiijércsa rakoe
w € Z[i], aro z = ww.

Ecim z menpuBoauMoO, TO Z TOXKEe HEIPUBOJIUMO.

==

)

) Ecin z menpuBoammo, TO CyIecTByeT POBHO OJHO MPOCTOE TIEJI0€ YUCIO P, JeJISINeecs Ha 2.

) Ecim 2 HenmpuBouMO, TO CYIECTBYeT IIPOCToe Tieioe Yuciio p Takoe, uto N(z) = p mm N(z) = p°.

) Ecin g = (4k + 3) npu mekoropom k € N, 10 ¢ siBJIsieTcsi HEIPUBOMMBIM TayCCOBBIM YHCJIOM.

e) (Jlemma Busvcona) Hucmo ((¢ — 1)! + 1) menurcs va q.

k) Ecim ¢ = (4k + 1) upu mekoropom k € N, to uncmo ((2k)!? + 1) nenures wa q.

3) Ecmu ¢ = (4k + 1) npu mexoropom k € N, T0 ¢ He ABJISETCST HEIPUBOJAUMBIM TAYCCOBBIM YHCJIOM.

u) Eciu ¢ = 2 wim ¢ = (4k + 1) npu wexkoropom k € N, To HaliiéTcs € IMHCTBEHHOE ¢ TOYHOCTBHIO JI0
COIIPSZKEHNST U YMHOYKEHUS HA [ayCCOBBI €IMHUIIBI HEIPUBOJANUMOE YHUCJIO W € Z[i] Takoe, 9T0 p = wi.

K) JI1060e HEIPUBOIUMOE TayCCOBO UHCIIO MOJIYIAeTCA U3 OJHOIO U3 YHOMSAHYTBIX B IIyHKTaX J 1 B HEIPU-

=

BOJUMBIX I'ayCCOBBIX YHCCEJI YMHO2KECHHUEM Ha HEKOTOPYIO I'ayCCOBY €IMHUILY.

Bamaua 11. (IIpedcmasaenue wucaa 6 eude cymmo, dsyr keadpamos) Paccmorpum muodbaHTOBO ypaBHEHME

n=z>+1y* = (x+yi)(xr+ yi). OBo3HAUMM YUCJIO €ro NEeJOUNCAeHHbIX permennit yepes T'(n).
a) Haiizure Bee perenust u Hapucyiite ux Ha miockocTu st n = 2, 13, 25, 43 65.

6) lokaxure, uro npu n = 3 (mod 4) pemnieHuii Her.

B) Ilycts p =1 (mod 4) — mpocroe 1esoe aucio. Yemy pasuo T'(p)?

r) Ilycrs p — mpocroe nesoe ancio. Haitgure T'(p").

n) Ilycrs m,n € Z, npuaém (n,m) = 1. Hokaxwure, aro T'(nm) = 47(n)T(m).

e) Ilycre n = pi* - p§% - ... - pp* — KAHOHHYECKOE PA3JIOKEHUE [EJIOT0 YUC/Ia 1 Ha HPOCThIE MHOYKHUTEIH.
Beipasure T'(n) gepes py,...,pk 1 0, ..., Q.

k) lokaxure, ato T'(n) ecTb yueTBepEHHAsT PA3HOCTH MEK Iy KOJMIECTBOM HATYPAJIbHBIX JeTuTeseil duc-
Ja n, uMerormux B (4k+1), 1 KOJMIecTBOM HATYDATbHBIX JleJIuTe el ducia n, uMeronux su (4k+3).

3)* Haiiyiure HaTypaabHOE YHUCJIO, KOTOPOE TPEJICTABUMO B BUJIE CYMMBI JIByX KBaJIPATOB HATYPaJbHBIX
YUCesT POBHO H7-10 CrIocobamu.

u)* Haiinnre HanMeHbIee IuCI0, YI0BAETBOPSIONIEE YCIOBUIO IIYHKTA 3.

Bagaga 12. YiopsijioueHHas 110 BO3PACTAHUIO TPOiKa HATypaJbHbIX dnces (a,b, ) HaszbiBaeTCs nugazopo-
601, eciu OHa YJIOBJIeTBOpsieT paseHcTBY ¢ = a® + b* = (a + bi)(a — bi). [IpuMeHuB OCHOBHYIO TeOpeMy
apupMeTUKN K 9TOMY PABEHCTBY, HOJYIUTE STBHOE OIMUCAHUE BCeX MI(AaropoBbIX TPOEK.

Bagaua 13. Pemmumte B neibx unciax ypasnenne y° = x2 + 1.

Bamaua 14. (Juoganm) Jlokazkure, 910 4nCjg0 15 HE MPEJCTABUMO B BHJIE CYMMbI KBaJIPATOB JIBYX DPalld-
OHAJIbHBIX YHUCEJI.
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IIpumedanue. YrnomMuHanus o 3ajlade IMpeJICTaBICHUS IEJ0T0 YHCIa B BUJE CYMMbBI KBa/IpaTOB JIBYX
IIEJIBIX YHCeJI BCTPEYAIOTCS C JPEBHEHINX BpeMeH. B yacTHOCTH, yKe JIBe C JIMITHUM TBICAYN JIET Ha3a/l
OBLJIO M3BECTHO, YTO €CJIU JBa YHUCJa MPEJICTaBUMBbI B BUJIE CyMMBI JIBYX KBaJIpaTOB, TO IMPEJICTAaBUMO U
UX [POM3BEJIEHIe — 3TO CJelyer u3 ToxKaecTB bpaxmarynrsl (598-670 rr.), ussectHbix erie noddnTy
Anexcanpriitickomy (I11 Bex g0 1.3.): (a® + b%)(c? + d?) = (ac — bd)* + (ad + bc)? = (ac + bd)* + (ad — be)?.
O6mmuit oTBET Ha BOIPOC, KAKHe YUCJIa MPEJICTABUMbBI B BUJIE CYMMBI JIByX KBajpaToB (Teopema Pepma-
Ditnepa) 6e3 joKazaTebCTBa yrnomuHaeTcst B 1632 romy B counnenusx Ann6épa 2Kupédpa (1595-1632 rr.).
[Trep Pepmé (1601-1665 rr.) yTBEpKIAT, ITO METOJ PEIEHUs €My U3BECTEH, OJHAKO JOKYMEHTAJIbHBIX
CBHJICTEJILCTB 9TOMY He ocTayioch. [lepBoe m3BecTHOE HaM JI0Ka3aTe/JLCTBO Jaa B 1749 romxy Jleondp
Sitep (1707-1783 r1.) — OHO HCIIOJIB3YET METOJL CIyCKa U TOXKecTBa BpaxmarynTel. /IBa joka3areibeTBa
gyepes rayccoBbl dncia npeioxui B 1877 romy Prixapa Hdemexnns (1831-1916 rr.). OH0 U3 HUX OIUCAHO
BhbIIIe B 3a71a4e 11. YTo 2Ke KacaeTcs caMux rayccoBbIX 4Yuces, TO ux Buepsble BBET Kapa Opiapux ['dyce
(1777-1855 rr.) B 1832 rogy s uccienopanus ypasuenus ! = a (mod p).



